
EllieFunctions (Emaniec 1 . 2)
I

f : C- # holomorphic or moromorphic
-- I

differentiableAs acomplex Act at any zot UC K
↳morphic : I => infinitively differentiable at

everypointzo UK
and analytic (Equal to itsTaylor series at zo)

meromorphic : hobmorphic at every point zo U& K
, except for a

-

setolatedpoints , which areo the finais

Then
, fisromorphic on l if at each zoU, for t is

hobmorphic

Important notion I has a pole at zo# has a zers atzo-

Then
, for f meromorphic on Us and any zoe U

,
Fine Z

* (E-zo)" f(z) is hol morphic & non zero in a neighborhood o zo

n > 0 pol order m at za Forderormultiplicity)K so zens of order In) at zo
n = 0

f is holomorphic & non zero at zo

Enorazo(5)
Also

, if f is meromorphic on U
, then for any zot U

,

"
f(z) = [9x(z-zo)

, (anFO) (Laurent series
k3 -

H

S

n > o poleaforder ne at zo

UXO zeno &order n at zo

Lauchy'shm f(z)dz= if
C

C
f(z) is meromorphic oni

where

⑳ with poles at2- Ex
R



2
Residues res f is the coefficient a in the Laurent

z=Zi

series f(z) = &an(z-zo)k
k3 - m

Then res

z= zof = Lim (z-zo)f(z) if zo is asimple pole
z + zo

and in general res f=him
for a pole c

z= za &
order u Remart The residue at a simple
-

#leis never o ,
but the residue

lipticFunctions at a doublepole can be as f(E) =1
Z

Let N=w , + X = mth r
,roz = RW

, + RW2
Then 1 is a discrete (inside 4) free Abelianubgroup-

=·fundamental domain for X
-

which is a set of representatives
for the quotient grows

S
7 ↓

-
w / 4/X = [a + x : G+3

↑ = St, w , + te We : O < tix te < 13

↑ = (t ,
w

, + teaz + u : 0xt
,+Sk , m=3

↳ X function f : K+ iselipticthe lattice 1 if

(1)f is meromorphic on I

2) f is periodic with periods in Nie f(n+ w) = f(u)

=>> f(u+ wil = f(n+ 12) = f(u) we



3
Rats D The, f is a meromorphic function on

the tornsK/X
- Riemann Surface

Cof genus 1)

② If f
, g are elliptic ,

then so one -Ig, fg , and fo
and the elliptic function form a field ((X) - &

This is called thefield of elliptic functions & X constant
-

functions

Can we find some elliptic fats ?

& fe((X) holmaphic : holomorphic and bounded on I

=> fEK by Liouville -hm

& fE K(X) menomorphic : Let F be fundamental region
for 1 1 the bounda of F does not contain any
pole off (there are only finitely many poles off in

↑ since this is a bounded region of K)
Then

using Muchy'stha

· fdz = 0 = [resf(z)S N

I C S ZEπ

perrodicity
=> there is rofunction -f ((X) with exactly one

simple pole
Otherapplication of cauchy's thm

-

⑪ [ ordz(f) = 0
↓

z (mod X) I IntegrateI over C I↑ or apply toIn)
zeorzeF f(u)



&er application & Cam , hur's them 1.
-cice) let = - = -

4

⑬ 2 ordz(f) z = 0 modN
z(mod()

S addition in the abelian J [
integrating u ]over I

Group(/X
zemark
-

⑪ is reminescent o : Principal divisor have degree O
--

Dir((/) = [[nzz : nztz, zek/x3
finite
sum

Div"((/x) = [D = [vzze Dir (4/X) :
Z

dy (D) : =2nz = 03

For fE((X)
, we define div(f) = Zord(t)E
max J

⑨ Enzz is a principal
called a principal divisor

divisor <> [nz = 0
EmodX

and
[nzz = 0(x)

z mod X

-

addition on F = &/
induced by addition inIRuminescent

E ellipticconce & D = [pPEDivCE)Cprojective curve of
senu 1)

Then D is principal> Emp = 0

and [upP = 0 (addition anE)
.



&- Let fEK(X)
. Then

S

ord (f)= [max (ordz(t) , 0) E because

z mod N

= - [min (ordz(f) , 0) 1
z mad /

hemma Let -E ((X)
,

and CEK
.

Then flub = C
-

has exactly ord (f) solutions in $/X Counted With

multiplicity) .

-
proof By definition , the numberg solution of f(u) = o

in 4/X is ord (f).

Now for c + O
, by ⑪

0 = 0 - 0 = [ordz(+) - [ordz(f- c)

zmod/ & mod X

=[ max(0
, ordz(f)) - [max (0, ordz(f -c)

,zmod X z mod X

ie ord (f) = ord (f- c)-

since the poles of & f - c are at the same points
and of thesame order. This proves the result1

eplestelliptic function double pole at u= g (with zere residue)

8(u)=e +[i There indicates
WEX I Hat w = 0 is Inot there

Meshows D menomorphic on $

② periodic for 1

easy ③ The only pole is a poleof order 2 at any we N
↳ So (u) has one pole garden 2 at n=
as a fet on $/X

easy P(u) = 81-u) (even fct)



D he show that $(u) crys absolutely& Uniformly on
S

any compact subsetof K-1

②Than 8)==-2
which is obviously periodic mod X

=> (8(u + w
, ) - 8(u)))= x(u + w

,
) - 8'() = 0

=> 8(u+wil = 8(n) = c
. Using u= -Ew , &

The fact that $(U) is even = c = 0
.

Hemma
zamplesf(u) =8(u) - 81zx has verses at u = 1 z if zE-z (N)

ano a obuble zens if Z = -z (1) (and z + 0)
Pof Since dag(8) = 2

,
and P((z) - 8(z) = 0

,
there are 2 simple poles if z # - z (X) .

If z = - z(x)
&

then f(zY = 0 and f'(z) = 8 '(z)
is also O since 8'(4) isd .

T

I

#ersion points&/X

zEX
T=·torsion points of

order 2 in the

=> there arcexacty 3 points of /N
abelian group /X

# 8(u) - 8(z) hasdouble seresw
2

The 3 complex numbers

w2 ,
= 8(z) ,

e = 8(4 , es = 8) C
one distinct since we don't have we = Wa mod / etc
-

Thm ((8, 8) =( (x) ( &(8,83((X)



&
Proof First suppose that fe K(N) is been, with
zeroes zis -- Em of orden an- am

poles Pi -> Pr - bx - bu

Let ordf (zi)
g(u)=-Tord(pi)
j

wherethe prime means : D retake only and Izi for each i
cand one of #P; foreach; ) when

ziE-zi (x)② Le emplace ordf (zi) by ords(zi)(2if zi = - zi(x)

www, Thenordz (g)
= ord.

he show ordz (f) is even

-
Larrent

series f(E) = [am(z-zi) + not
>m

m=> f(z +zi) = 2amz + hot
,
f(-z+ zi) = [am(z)"that

.> m
k > mAlso +(-z +zi) = f(z -zi) = f(z- zi + 2zi) = f(z +zi)even Periodic-

&2zi = 0(x)
and [am(zm) + hot = [am) -z)" + hot
=>#is even

Then, we have that g & - have exactly thesame zenoes &

same poles => f = c g .

& -t ( (8)
·

Now
,

if f is any fat in KCN)
,
them

gu),gu) are both e ,a

and f= g ,
(u) + 8'()g2(u) = + ((8

,8)



T 8'(u)= 4((u) -

e,)(8(u) - e)(f(u)- e)
where e =p()

, e=8)
,
e=g(u)
~

↑ Let flul = sus
2 &

W3

eu)-2)(p(u) - ez)8() : ↳
triple poleat obvblepoed/u = 0 and Note the zeroes

simplezero

a+ u = 0

& 8 (m) one
at wi/z

and double
zero at

wi
not easy to

mite down.

Then flu) has
no zero no pole => flu) EdTo find the constant

, compone the Laurent
-

Fansion(a) & 8) at u= 0
-

plu)

=+
=i +T([1++ ... i

we X

- + [m(1 + 2 + 3 + .. ]-
wE/

=
- 2 + 2uG

,
(N) + 3

=

Gq(x) + ...



where 67(N)==mu)
-3 (m, n) + (0, 0)

It is easy to see that Gf(N) = 0 for k odd
,

which makes sense since 8(u) is even

Then 8'(u)
= + Gu6p(x) + 20u+

Go(x)

+...

Then 8/(u)
=

= c (8(n) -e) (8(u) -er) (8(n)- es]

=>=[] = +
,

and

B'(u)3 = 4(f(u) - e
, )(8(u) -er) (8(a)es)

Comparing theTaylorexpansion of S' (u)
,

P(u)
,
8(4)?

, 8(u)", we get

8'(u)"= 48(433-(x)8(4) - 1406(x)
92(x)
⑳

94(N)
Thm (Complex Uniformization

2

((x- E(x ,3)E : y
=

= 4.

y2= 4x3- g2(x)x - gp(x)]
z+01 (8(z)

, 8'(z))



is a bijection, or the
map

((x- [[(x, y,z)]e IP(e) :
2

y2z = 4x3 - gz(x)xz- g4(x)z3
z+ 0 1 -> (8(z) , 5'(z)

, 1]
O --> [0 , 1

,0]

is anAnalytic 1-1 correspondance between-

4)X and the points& y2= 4X
*

-

geX-93
in IP2(K).

#elegelliptic functions :

Eneromorphic fats on K/X3 = k (8 ,8)

#tipticfunction field Cover 4)

& rational fets defined on E : y2 = x 3 + ax +b
.3

= ((x , y(((y2-x- ax -b)

= ((x)(vax+b] = ((8,8)
I


